Interaction of an ultrashort optical pulse with a metallic nanotip: A Green dyadic approach We consider the interaction of an ultrashort optical pulse with a metallic nanotip. In the framework of the Green dyadic method, we calculate the time-dependent electric field in the vicinity of the metallic nano-object. The electric field enhancement at the tip apex, its temporal evolution, and its dependence upon the polarization of the incident electric field are addressed. By comparing the case of tungsten and gold nanotips, we show that significantly larger electric field enhancements can be obtained with the latter and point out different temporal responses. Our description provides the time-dependent spatial distribution of the electric field around metallic nano-objects of arbitrary geometries which is the first step to describe light-matter interaction in recently developed laser-driven femtosecond electron nanosources or recent results in ultrafast nanoplasmonics.
I. INTRODUCTION
The always more demanding research in nanoscience and nanotechnologies has triggered several experimental breakthroughs such as, for instance, the development of near-field probe based investigation techniques that allow to probe matter with ultimate spatial resolution. 1 In parallel, time-resolved techniques have been developed and it is now possible to observe and control the dynamics of atoms, molecules, and nanosystems on the femtosecond timescale. 2 Today, new hybrid techniques allowing both spatial and temporal resolutions are actively developed and the quest for ultimate resolutions has brought state of the art experiments in the nanometer-femtosecond domain. For instance, combining femtosecond pump-probe techniques with aperture-type scanning near-field optical microscopy (SNOM) provides simultaneously a spatial resolution of c.a. 100 nm and a temporal resolution better than 200 fs. [3] [4] [5] Ultrafast transmission electron microscopes with nanometer spatial resolution and sub-200 fs time resolution have been developed and brought a wealth of spectacular results. [6] [7] [8] Until now, most of the existing time-resolved electron microscopy and diffraction experiments involved photocathodes in which the electrons are extracted from the electrode by the photoelectric effect. However, in conventional (i.e., not ultrafast) electron microscopy, so-called field emission sources are privileged for demanding applications such as electron interferometry because of their highest brightness and better energy dispersion. In these sources, electrons are tunneling out from the apex of a metallic nanotip under a strong DC bias voltage. Recent experiments demonstrated electron emission from field-emission tips triggered by femtosecond low energy laser pulses. [9] [10] [11] In the latter, different emission regimes have been identified and traced back to analogous experiments performed on atomic systems. [12] [13] [14] However, contrary to their gas phase counterpart, laser-driven ultrafast electron sources based on metallic nanotips do not suffer from averaging on the focal volume as the size of the emitting zone only depends upon the geometry of the emitter. Such ultrafast electron sources allowed to demonstrate the non-dispersive nature of the Aharonov-Bohm effect. 15 Also, the strong dependence of the interaction between the laser electric field and the tip upon the carrier envelope phase of few femtosecond optical pulses can be exploited to characterize the ultrashort optical pulse. 16 Beyond fundamental issues related to strong field lasermatter interaction, these studies also raise great expectations as they could lead to new nanometer scale high brightness ultrafast electron sources for time-resolved electron microscopy and interferometry or the development of new microscopy techniques for imaging nanostructures. 12, 17 Laser-driven field emission from both tungsten and gold tips has been demonstrated. [9] [10] [11] The use of tungsten for field emission sources is widespread in conventional transmission electron microscopy (TEM) because of superior emission performances and endurance. However, for laser-driven applications, its damage threshold limits the laser intensities to the multiphoton regime and prevents entering deep into the strong field interaction regime where optical field emission would occur. 18, 19 On the contrary, gold has a larger damage threshold therefore allowing to explore a broader range of electric field strength and interaction regimes. 19 These current developments in ultrafast electron sources are a strong motivation for the investigation of the material dependent field enhancement and the 3D electric field spatial distribution close to metallic nanotips. In a different context, apertureless or scattering type SNOM (s-SNOM) relies on the locally enhanced optical near-field generated near a sharp metal tip upon illumination contrary to aperture-type SNOM in which a subwavelength aperture at the end of an optical fiber collects light from a nanostructured surface. Under CW illumination, it had been shown more than a decade ago that the intensity distribution at the tip apex of scattering type SNOMs is characterized by strong optical field gradients that can be tuned by changing the polarization, wavelength and incidence of the external illumination. 20 The interpretation of future femtosecond s-SNOM microscopy experiments will undoubtedly require a detailed knowledge of the time-dependent electric field close to a metal nanotip. Moreover, recent experiments relying on the interaction of femtosecond optical pulses with noble metal conical tips allowed probing the few-femtosecond electronic dephasing of a local surface plasmon polariton excitation 21 or even generating 10 nm spatially and few-femtosecond temporally confined optical excitations. 22 There is no doubt that the advance of ultrafast nanoplasmonics pushes for the development of theoretical frameworks to compute the femtosecond optical response of nanostructures of arbitrary geometries. [21] [22] [23] [24] [25] Our paper aims at investigating theoretically the interaction of an ultrashort optical pulse with a metallic nanotip in the framework of the Green dyadic method. Two different materials, tungsten and gold, are considered and their electric field enhancements, spatial distributions and temporal evolutions are compared.
II. TIME-DEPENDENT ELECTRIC FIELDS WITH THE GREEN DYADIC METHOD
In this section, the Green dyadic method is used to describe the interaction of an ultrashort optical pulse with a nanosystem. This technique is particularly well-suited to describe the optical response of nanostructures of arbitrary geometries, either isolated or electromagnetically coupled or placed in the vicinity of a planar interface. 23, 26, 27 For instance, it has been recently shown that this framework can yield the 3D charge distribution inside plasmonic nanostructures. 28 Other methods such as finite-difference time-domain method (FDTD) 29 or multiple multipole program (MMP) 13 could be used to compute time-dependent electric fields. We consider an arbitrary ultrashort optical pulse E inc ðr; tÞ incident on a nanostructure characterized by a dielectric permittivity e m ðxÞ placed inside a medium of dielectric constant e env . We calculate the total time-dependent electric field E (r, t) arising from the superposition of the incident electric field E inc ðr; tÞ and the optical response of the illuminated nanostructure, i.e., the electric fields reradiated by the nanostructure upon excitation by E inc ðr; tÞ. To do so, let us first consider the spectral representation of an arbitrary time-dependent electric field. Any electric field E(r, t) can be described equivalently by its Fourier spectrum Eðr; xÞ defined by Eðr; xÞ ¼ 1 2p
From Maxwell's equation, one can show that the positiondependent Fourier spectrum of the total electric field Eðr; xÞ at a given angular frequency x obeys the following Helmholtz wave equation:
where I is the identity operator, Pðr; xÞ represents the electric polarization induced inside the nanostructure, k 0 ¼ x=c and k ¼ ffiffiffiffiffiffiffi e env p k 0 . In the framework of the field-susceptibility theory, the general solution of Helmholtz equation (2) can be written 30, 31 Eðr;
In the latter, V is the volume of the nano-tip and E inc ðr; xÞ is the Fourier transform of the incident electric field satisfying the homogeneous Helmholtz equation (in the absence of any nanostructure). Sðr; r 0 ; xÞ is the field-susceptibility tensor (or Green dyadic function) of the environment. In the framework of the linear response theory, the relationship between the local electric field and the polarization inside the nanostructure is given by
Assuming a local response of the material, the susceptibility vðr 0 ; xÞ can be written as
The Fourier components Eðr; xÞ of the total electric field can then be deduced from the self-consistent LippmannSchwinger equation:
This relation can be recast using the generalized propagator Kðr; r 0 ; xÞ which directly connects the self-consistent electric field to the incident electric field 30, 31 Eðr; xÞ ¼ ð V dr 0 Kðr; r 0 ; xÞ Á E inc ðr 0 ; xÞ;
where Kðr; r 0 ; xÞ is given by Kðr; r 0 ; xÞ ¼ Idðr À r 0 Þ þ vðr 0 ; xÞ Á Sðr; r 0 ; xÞ:
Self-consistency is contained in the following Dyson's equation that connects the Green dyadic tensor Sðr; r 0 ; xÞ to the field susceptibility tensor Sðr; r 0 ; xÞ Sðr; r 0 ; xÞ ¼ Sðr; r 0 ; xÞ þ ð V dr 00 Sðr; r 00 ; xÞ Á vðr 00 ; xÞ Á Sðr 00 ; r 0 ; xÞ:
The electric field associated with the incident ultrashort optical pulse is described by a superposition of plane waves with a central angular frequency x c
with k ¼ ffiffiffiffiffiffiffi e env p x=c and E 0 yields the amplitude and polarization of the electric field. For a monochromatic plane wave f ðkÞ ¼ dðk À k c Þ in which k c ¼ ffiffiffiffiffiffiffi e env p x c =c. We ignore any spatial variation of the incident optical pulse. This approximation is justified because we are interested in the time-dependent spatial distribution of the electric field intensity in deeply subwavelength regions that are much smaller than the typical laser focal spot size (2-10 lm). This latter assumption could however be given up if needed. The Fourier spectrum of the incident pulse then reads
The self-consistent electric field Fourier spectrum Eðr; xÞ in the vicinity of the nanostructure can then be deduced from the latter equation:
Finally, the inverse Fourier transform provides the total electric field 
In the latter equation, x ¼ kc= ffiffiffiffiffiffiffi e env p and we have taken into account the fact that Kðr; r 0 ; ÀkcÞ ¼ K Ã ðr; r 0 ; kcÞ required to preserve causality. 32 By comparing Eq. (12) with Eq. (10), one can notice that the total electric field in the vicinity of a nano-object can be computed from the incident electric field in a three-step procedure. First, the incident electric field is Fourier-transformed into a superposition of monochromatic plane waves with a corresponding weight given by f(k). Then, the optical response of the illuminated nanostructure to an excitation by a single monochromatic plane wave is computed using the generalized propagator. Finally, the total electric field is reconstructed from the individual contributions of the different monochromatic plane waves of the incident optical pulse.
III. INTERACTION OF A FEMTOSECOND OPTICAL PULSE WITH A METALLIC NANOTIP
We focus now on the situation depicted in Figure 1(a) . An ultrashort optical pulse propagating in vacuum (e env ¼ 1Þ is incident along (OZ) on a metallic nanotip having its symmetry axis along (OY). Figure 1(b) is an example of a field emission tip for electron microscopy classically fabricated by electrochemical etching of a tungsten nanowire. As shown in the inset of Figure 1 (b), such nanotips have several facets oriented along different crystallographic orientations (W½310 being privileged for TEM). In the following, we neglect this structuration as the characteristic lengths are smaller than the optical wavelength and can vary from tip to tip. We then assume that the apex can be represented by a paraboloid with a radius of curvature p ¼ 30 nm which is typical for conventional tungsten nanotips. We use the bulk dielectric constant of gold and tungsten e m ðxÞ, respectively, taken from Johnson and Christy 33 and Palik. 34 As detailed in Sec. II, the incident ultrashort optical pulse is represented by a superposition of monochromatic plane waves with wavevectors directed along (OZ). This summation can be equivalently performed on the angular frequencies x E inc ðr; tÞ ¼
in which k z ¼ x=c. Two different linear polarizations are considered, E 0 being aligned either along (OX) or (OY). The optical pulse has a gaussian profile with a FWHM of 10 fs and a central wavelength k c ¼ 800 nm. Assuming that the electric field is initially maximum in z ¼ 0, we can write
The Fourier transform of the incident electric field can therefore be written centered at 1.55 eV (i.e., 0.01 eV energy step) are used. As illustrated in Figure 2 (a), care was taken that the electric field reconstructed from the sampled spectrum faithfully reproduces the initial pulse. Artificial periodic replica due to sampling is not an issue as they appear at larger time delays (several picoseconds for this sampling). In a second step, the total electric field obtained upon excitation of the nanostructure by a monochromatic plane wave is calculated using Eq. (7) for each frequency x i . The total time-dependent electric field E(r, t) is finally deduced from Eq. (12) . The robustness of the final results with respect to the sampling parameters has been systematically checked. In the following, we are interested in the time-dependent electric field amplitude and optical near-field intensity I(r, t), the latter being defined as Iðr; tÞ ¼ jEðr;
First, we compute the time dependent electric field intensity at the tip apex of a gold tip for different polarizations. In our simulations, the incident ultrashort optical pulse has its maximum amplitude at the tip apex at t ¼ 0 fs. As shown Figure  1 (a), the metallic nanotips have been meshed on a cubic lattice composed of 4000 points. center of the maps and the femtosecond optical pulse is traveling from bottom to top. A clear difference is evidenced between the two polarizations: electric fields parallel to the tip axis give rise to 20 times larger enhancements and more localized high-intensity regions. Fringes due to interferences between the incident and scattered electric fields are clearly visible on the side of the incoming beam.
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Figure 4 is a magnification of the tip apex region. The intensity pattern is similar to the near-field intensity pattern generated by an oscillating dipole. In particular, we observe a dip in intensity in a direction perpendicular to the incident electric field in Figures 4(a)-4(c) . On the contrary, in Figures  4(d)-4(f) ), a large electric field enhancement is apparent along the electric field polarization (OY).
Figures 5(a) and 5(b) show intensity maps in the (OXY) and (OYZ) planes for an incident electric field polarized along (OY). The maps computed in the (OXY) plane are symmetrical with respect to the nanotip axis (OY) as expected. On the contrary, due to propagation of the optical pulse along the (OZ) axis, this symmetry is lost in the (OYZ) plane and stronger electric fields are found in the direction of propagation. Movies showing the temporal evolution of the electric field close to the nanotip apex are available as supplementary information. 37 
IV. COMPARISON OF GOLD AND TUNGSTEN NANOTIPS: ELECTRIC FIELD ENHANCEMENT AND TEMPORAL RESPONSE
In the following, we compare the ultrafast optical response of gold and tungsten nanotips. Figures 5(c) and 5(d) show the electric field intensity maps computed on a tungsten tip for an incident electric field polarized along (OY). Both the geometry of the tip and illumination conditions (intensity and polarization) have been kept exactly identical as in the corresponding data for gold shown in Figures 5(a) 5 times larger electric field intensities in the apex region than its tungsten counterpart. This larger enhancement of the electric field is due to the more pronounced free electron character of gold compared to tungsten: electrons can more easily respond to the electromagnetic excitation and the excited surface plasmons yield more intense optical near-fields. This difference has been experimentally confirmed in the context of laser-driven field emission from metallic nanotips: the larger electric fields at the apex of gold nanotips allow to identify the transition from the multiphoton to the optical field emission regimes. 19 This can have important consequences since identical illumination conditions can lead in these two materials to different interaction regimes. Indeed, electron emission from metallic nanotips can be obtained following different mechanisms that can be directly traced back from the well-established literature of atomic physics and attosecond science. 36 These different emission regimes can be discriminated using the Keldysh parameter c that gives the ratio between the electron tunneling time and the laser optical period. In atomic physics, c ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi
in which I p is the ionization potential and U p is the ponderomotive energy. In the case of metallic tips submitted to an additional DC electric field, I p has to be replaced by the effective work function W eff of the metal that takes into account the lowering of the potential barrier by the Schottky effect due to the applied DC voltage. Therefore, both DC field and laser electric field will have an impact on the Keldysh parameter and the interaction regime. 13 Under the same illumination condition, our previous results show that gold nanotips generate a 5 times larger laser electric field intensity at the apex compared to tungsten tips. As a consequence, the corresponding Keldysh parameter of a gold nanotip is expected to be 2 to 3 times smaller in this case than for a tungsten tip. In consequence, gold nanotips should be privileged for investigations of strong field effects. 12, 19 From a practical point of view, the typical electric field strength required for field emission is of the order of 1 GV/m. The field enhancements existing at the apex of metallic nanotips allow to obtain electron emission at much lower laser intensities than needed in the case of atoms or molecules. For instance, a 80 MHz train of 10 fs pulses with an average power of only 10 mW focused on a few lm spot yields a peak intensity (cycle averaged) in the 10 11 W=cm 2 range and electric fields of the order of 1 GV/m.
To go further, we investigate the electric field intensity profiles for both materials. Figure 6 shows that the extension of the high-intensity region is not significantly modified when considering gold tips instead of tungsten ones, the full width at half maximum after normalization of the data being the same. This behavior confirms that for metals the topography of the electric field is mainly governed by the morphology of the nanotip.
Finally, we have calculated the time-dependent electric fields close to the apex of tungsten and gold nanotips. In the case of tungsten (Figure 7(a) ), we can notice that the electric field faithfully reproduces the excitation pulse presented in Figure 2 (a). This is due to the large bandwidth of the optical response of the metal. Figure 7(b) shows a different response in the case of a gold nanotip in which the electric field at the apex survives several tens of femtoseconds after the passage of the ultrashort optical pulse. This is a consequence of the excitation of surface plasmons at the surface of the metallic nano-object with a damping time larger than the excitation pulse duration. Similar results have been obtained at the hot spots of a plasmonic composite nanostructure 23 or on silver films. 24 
V. CONCLUSION
In this paper, we have adapted the standard Green dyadic method to compute the time-dependent electric field at the apex of a metallic nanotip. The distribution of the optical 
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Arbouet et al. J. Appl. Phys. 112, 053103 (2012) electric field generated in this region has been thoroughly investigated. We have shown that gold nanotips provide 5 times larger electric field intensities than tungsten ones and should therefore be used for experiments in the strong field interaction regime. In the case of gold tips, we have pointed out a difference in temporal response of the metallic tip due to the excitation of surface plasmon excitations. The presented framework could address the wavelength-dependent influence of these surface plasmon resonances on the ultrafast optical response of a nanostructure or describe the evolution of the latter upon illumination by arbitrary optical waveforms. Our method provides a complete description of the optical response of structures of arbitrary geometries in both space and time. It could be used for the modeling of electron trajectories in intense ultrashort optical pulses or the interpretation of ultrafast near-field optical microscopy experiments or recent results in ultrafast nanoplasmonics. 25 For few cycle optical pulses, carrier-envelope phase effects are expected to play a major role and should be considered in details. A straightforward extension of this work could deal with these effects.
